A quasi-linear viscoelastic relation that stems from an implicit viscoelastic constitutive body containing a crack is considered. The abstract form of the response function is given first in L p , p > 1, due to power-law hardening; second in L 1 due to limiting small strain. In both the cases, sufficient conditions on admissible response functions are formulated, and corresponding existence theorems are proved rigorously based on the variational theory and using monotonicity methods. Due to the presence of a Volterra convolution operator, an auxiliary-independent variable of velocity type is employed. In the case of limiting small strain, the generalized solution of the problem is provided within the context of bounded measures and expressed by a variational inequality.
Introduction
In linear viscoelasticity, one can either express the stress in terms of the history of the linearized strain or the linearized strain in terms of the history of the stress. a Of the above two modes of expressing the response of a body subject to external stimuli, the latter is in keeping with the demands of causality, as force is the cause and kinematics the response, while the former is not. As Truesdell 31 remarks: "A constitutive equation is a relation between forces and motions. In popular terms, force is applied to a body to 'cause' it to undergo a motion, and the motion 'caused' differs according to the nature of the body. In continuum mechanics, the forces of interest are contact forces, which are specified by the stress tensor T." The reason one chooses to express the stress in terms of the history of the linearized strain is possibly due to the mathematical simplicity that is achieved with regard to the governing equations which need to be solved that are obtained by substituting the constitutive relation for the stress into the balance of linear momentum. Expressing the linearized strain in terms of the stress requires one to solve the balance equations as well as the constitutive relation simultaneously. We shall not get into a lengthy discussion of the relevant issues here but refer the reader to Ref. 28 for a detailed discussion of the same. Early models to describe the nonlinear viscoelastic response of bodies due to Green and Rivlin 7 and Green et al. 8 are expressions for the stress in terms of kinematic variables. Lockett 23, 24 and later Pipkin and Rogers 26 developed models for the viscoelastic response of bodies wherein one can find expression for either stress in terms of the history of the strain or the strain in terms of the history of the stress. Wineman [32] [33] [34] used such nonlinear viscoelastic models to study several technologically important problems. The nonlinear viscoelastic models discussed above were essentially developed using analogies to extend the class of linear viscoelastic models, and moreover, the authors primarily developed models for the stress in terms of the history of the strain, and models for the strain in terms of the history of the stress were essentially obtained by inverting the specification for the stress, when such expressions were invertible. On the other hand, Prusa and Rajagopal 27 developed a more general theory which embeds both classes of models for viscoelastic response discussed above by considering an implicit functional relationship between the histories of the stress and strain. Fung 6 used an approximation of a proper nonlinear viscoelastic model to describe the viscoelastic behavior of biological tissues which he referred to as a "Quasi-linear viscoelastic model". Fung developed a one-dimensional model wherein an explicit expression is provided for the stress in terms of the stretch. It is not
or, after integration by parts, equivalently as
If the function F (σ) were to be linear, then (1.1a) and (1.1b) would lead to the classical linear viscoelastic model. In general, the representations (1.1a) and (1.1b) cannot be inverted. In fact even within the context of elasticity, a nonlinear expression for the linearized strain in terms of the stress cannot in general be inverted (see Ref. 16) . The positive kernel J that appears in the Volterra convolution operator 3 in (1.1a) and (1.1b) is usually assumed to be given by the exponential sum 
Within the context of limiting small strain ε, that is provided by the uniform bound
mathematical issues concerning the implicit model (1.2), (1.3) were studied by Beck et al. 1 On the other hand, if N = 1 and J(0) = 0 in (1.1c), on differentiating (1.1b) with respect to t, since J (t) = − 1 τ1 J (t), we obtain a generalized Kelvin-Voigt model The fact that one has limited strains has interesting implications with regard to a very important class of practical problems, namely that of cracks. Classical theory of elasticity predicts singular strains contradicting the very assumptions which are used to derive the theory, namely the displacement gradient and hence the strain is small. The model with limiting strain allows one to study problems such as cracks in brittle materials in a rational manner. The variational theory of nonlinear cracks subject to non-penetration was developed in Refs. 9 
where µ is the shear modulus, and σ 2 = tr(σ 2 ) the Frobenius norm. See also a related power-law equation adjacent to cracks. 20 We remark that κ 0 + reduces . Indeed, with the help of (1.3) and (1.1c), we estimate (1.1b) as follows:
Several other constitutive relations that describe limiting small strain can be found in Ref. 12 . Based on the examples (1.5) and (1.6a), we explain below the main technical difficulties dealing with the quasi-linear viscoelastic model (1.1). First, it is worth remarking that both the nonlinear functions F in (1.5) and in (1.6a) are monotone and coercive as will be proved in Appendix A. However, after entering the Volterra convolution operator in (1.1b), the monotonicity and coercivity properties are lost (except for the linear case as κ = 0). Thus, the BrowderMinty theorem is inapplicable to (1.1) as opposed to the situation with regard to 
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the models (1.2) and (1.4). To remedy this difficulty, in Sec. 2, we introduce an auxiliary-independent variable that splits (1.1b) into two equations 
The Quasi-Linear Viscoelastic Case Study
Let Ω be a bounded domain in the Euclidean space 
With its help, we denote for short the integral operator in (1.1b) by
for a time-dependent variable ξ with the image in a normed vector space to be defined later on. The response function in (1.1b) is determined as a mapping over the space of second-order symmetric d-by-d tensors 
The linearized strain tensor is the symmetric part of the displacement gradient defined as follows: Let the body force f (t, x) = (f 1 , . . . , f d ) and the boundary traction g(t, x) = (g 1 , . . . , g d ) be given. Using notation (2.1), we formulate the implicitly constituted quasi-linear viscoelastic problem for solids with crack in the form of a nonlinear quasi-static boundary value problem
The system consists in the equilibrium equation (2.2a), the constitutive relation (2.2b), under the Dirichlet (2.2c) and the Neumann type (2.2d), and the stress-free crack (2.2e) boundary conditions. We set the parameters characterizing the regularity of the unknown functions:
in Sobolev spaces introduced later on. Let another parameter
characterizes regularity of the problem data
For convenience of dealing with f and g, we set an auxiliary elastic stress tensor
defined by the explicit power-law response 
and Cauchy stress σ
, which satisfy the auxiliary elasticity problem given by (2.4b) and the variational equation
Proof. The existence follows after insertion of (2.4b) in (2.4d) resulting in
that implies the first-order optimality condition for minimization of the functional
→ R is evidently differentiable, convex (hence, weakly lower semi-continuous), and strictly coercive due to the Korn-Poincaré inequality as a consequence of (2.4c) Based on the examples (1.5) and (1.6a), we formulate the following conditions for the admissible response function
, where the standard norms are defined as
(2.5e)
The properties (2.5) are proven for the power-law hardening (1.5) in Appendix A.
We employ an auxiliary-independent variable v yielding = ε(v) in (1.7). Multiplying (2.2a) with a smooth test function, integrating it by parts over Ω c with the help of Neumann boundary conditions (2.2d) and (2.2e), we get a variational formulation to problem (2.2): Find such functions
that satisfy the Dirichlet boundary conditions 
for all test functions u ∈ W 1,p (Ω c ; R d ) such that u = 0 at Γ D , and
Indeed, if Eq. (2.6d) holds, then applying ε to its both sides, we can interchange ε and I and derive ε(u) = I(ε(v)). The converse holds true up to a rigid motion, which vanishes due to the homogeneous Dirichlet condition (2.6b). We also note that the variable v is redundant and can be excluded after solving problem (2.6) by substitution of (2.6e) in (2.6d) resulting in ε(u) = I(ε(v)) = I(F p (σ)).
Theorem 2.1. Let p > 1 in (2.3a). Under conditions (2.5), there exists a solution triple (u, v, σ) to the implicitly constituted quasi-linear viscoelastic crack problem (2.6). If the monotone property (2.5b) is strict, then the stress σ is unique.
Proof. We construct a Galerkin approximation to the problem (2.6). There exists a dense sequence forming the basis in the reflexive separable Banach spaces:
which also satisfies the Dirichlet boundary condition 
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We look for an approximation of (u, v, σ − σ E ) by the finite series 
To estimate (2.8a) from below, we use the boundedness (2.5a), coercivity (2.5d), norm equivalence (A.4b) and (A.7a), Korn-Poincaré (2.4g) and weighted Young's inequalities
with sufficiently small weight δ > 0 such that For a sufficiently large value R > 0 of the norm of the coefficients, the expression in (2.8c) is positive 
and has a fixed point such that (
that contradicts (2.8d). The equality (2.8e) implies that (2.7d) and (2.7f) are solvable, then coefficients α m can be found in a straightforward manner from (2.7e). Next we pass (2.7) to the limit when m ∞. Since L(β m , γ m ) · (β m , γ m ) = 0 by virtue of (2.8e), from (2.8a) and (2.8c), we infer the uniform estimate
Due to the boundedness (2.5a), from (2.7f), we get the estimate for V
Respectively, from (2.7e), using 1a) and (2.1b) , after taking the maximum over time, the estimate for U m is 
With the help of convergences (2.9d) and (2.9e), on taking the limit of Eqs. (2.7d) and (2.7e), where all terms are linear except for the nonlinear term in (2.7d) which disappears because of the factor 1 m , thus yielding (2.6c) and (2.6d). To pass the nonlinear term in Eq. (2.7f) to the limit, the following Minty's argument is applied. For a test function σ ∈ L p (Ω c ; R d×d sym ), using the monotone property (2.5b), from (2.7d) and (2.7f), we get the series of relations
(2.10a)
Taking the limit of Eq. (2.10a), due to the convergences (2.9d) and (2.9e), yields
where we have used (2.6c) with u = v. Inserting in (2.10b) σ = σ ± λσ with arbitrary σ ∈ L p (Ω c ; R d×d sym ) and dividing the result by λ provides the inequality
Taking the limit λ → 0 due to the semi-continuity property (2.5c) results in Eq. (2.6e). The Dirichlet boundary conditions (2.6b) hold in virtue of (2.7b). Finally, we assume two different solutions σ 1 and σ 2 of (2.6c)
and the corresponding two different solutions v 1 and v 2 of (2.6e)
(2.11a) for k = 1 and k = 2, after their subtraction, we get
A strictly monotone function F p implies σ 1 = σ 2 . The proof is completed.
The Limiting Small Strain Case Study
In this section, we consider the limiting case p 1 + .
To deal with the non-reflexivity of the problem (2.6) as p = 1, for q > 1 from (2.3b) and for a small regularization parameter δ > 0, we regularize the problem e.g. as follows: Find such functions
that satisfy the Dirichlet boundary conditions
the variational equation
for all test functions u ∈ W 1,q (Ω c ; R d ) such that u = 0 at Γ D , and 
, implying a generalized solution of the problem (2.6), which satisfies the Dirichlet boundary conditions
the integral equation
and the variational inequality
for all test functions such that ε(u), σ ∈ C c (Ω c ; R d×d sym ) and u = 0 at Γ D . 
then the generalized solution (u, v, σ) satisfies all relations (2.6) with p = 1.
Proof. Multiplying (3.1e) with σ δ − σ E , integrating it over Ω c , and testing (3.1c) with the function u = v δ , their summation yields
Using the boundedness (2.5a), the coercivity (2.5d), and Young's inequality
M1(q) q
> 0, from (3.4a), we derive the uniform estimate
and σ δ L 1 (Ωc;R d×d sym ) are uniformly bounded. Due to the boundedness (2.5a), the consequence of Jensen's inequality applied to (3.1e)
, and the Korn-Poincaré inequality (2.4g), from (3.1e), we get the estimate for v
and from (3.1d), taking the maximum over time, the estimate for u
Utilizing the embedding of L 1 -space in the M 1 -space of bounded measures, from With the help of (3.5b), we pass to the limit in the boundary conditions (3.1b) and in the linear integral equation (3.1d) to get (3.2b) and (3.2d), respectively. For the test functions that satisfy ε(u), σ ∈ C c (Ω c ; R d×d sym ), on taking the limit of (3.1c), the convergence (3.5c) gives (3.2c). Using the monotonicity (2.5b) and the equilibrium equation (3.1c) , from (3.1e), we derive the relations
where we pass to the lower limit using the convergences (3.5), thus arriving at the inequality (3.2e).
If the stress in (3.2a) is regular such that (3.3) holds true for some ρ, then the equilibrium equation (3. Taking the limit as λ → 0 due to the semi-continuity property (2.5c), the equality (2.6e) follows by virtue of the fundamental lemma of calculus of variation. Moreover, if p = 1, then F 1 (σ(t)) in (2.5a) is uniformly bounded, hence ε(u(t)) too, implying that u(t) is from W 1,∞ for all t. The proof is completed.
